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1. Introduction

We consider the stochastic differential delay equation with small noise of
the form

Xet = ©(0) + fot (Xe 50 Xes—r d5+5f0 o(Xe 50 Xes— 7)dBs, t €0, T]
Xet = (t), t €[—-1,0],

(1)

where the initial data ¢ : [-7,0] — R is a bounded deterministic function,

(Bt)tefo,1] is a standard Brownian motion and b, o are deterministic
functions on R2.
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We consider the stochastic differential delay equation with small noise of
the form

Xa,t = gp(O)—}—fot XE s,Xas r d5+€f0 Xa s,Xas T)dBS7 te [0 T]
Xet = (t), t €[—-1,0],

(1)

where the initial data ¢ : [-7,0] — R is a bounded deterministic function,

(Bt)tefo,1] is a standard Brownian motion and b, o are deterministic
functions on R2.

Intuitively, as e tends to 0, (X ¢)¢>0 the solution to (1) tends to (x¢)e>0,
which solves the following deterministic differential delay equations

{xt = (0) + [ b(xs, x5+ )ds, t € [0, T] )
xe = @(t), t € [—T,0].
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1. Introduction

Define
~ Xet — Xt

Xet i= — P te[-7,T]. (3)

Consider (Y¢)¢>0 is unique solution to the following linear stochastic
differential equation

Ye =[5 (b5 (xsy Xs—r) Vs + by(xs, Xsr) Yo7 ) ds + [y 0(xs, Xs—7)dBs, t € [0, T]
Yt == O, te [_7-7 O].
(4)

We observe that, for each t € [0, T], Y} is a normal random variable.
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differential equation

Ye =[5 (b5 (xsy Xs—r) Vs + by(xs, Xsr) Yo7 ) ds + [y 0(xs, Xs—7)dBs, t € [0, T]
Yt == O, te [_7-7 O].
(4)

We observe that, for each t € [0, T], Y} is a normal random variable.

@ Similar to [12] we have X. ; converges to Y; in LP(Q),p > 2 as e — 0.

@ Thus, the sequence (X: ¢)-¢(0,1) satisfies the central limit theorem as ¢ — 0.
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Define
~ Xet — Xt

Xet i= — P te[-7,T]. (3)

Consider (Y¢)¢>0 is unique solution to the following linear stochastic
differential equation

Ye =[5 (b5 (xsy Xs—r) Vs + by(xs, Xsr) Yo7 ) ds + [y 0(xs, Xs—7)dBs, t € [0, T]
Yt == O, te [_7-7 O].
(4)

We observe that, for each t € [0, T], Y} is a normal random variable.

@ Similar to [12] we have X. ; converges to Y; in LP(Q),p > 2 as e — 0.

@ Thus, the sequence (X: ¢)-¢(0,1) satisfies the central limit theorem as ¢ — 0.
» An important problem arising here is to investigate the rate of convergence
via certain distances.

Nguyen Thu Hang (HUMG) Total variation distance estimates for stochast 4 /15



Introduction
feteY Yol

1. Introduction

There are three distances commonly used in the literature.
(i) The Wasserstein distance between the laws of X ; and Y4 :

dW()N(s,h Ye) = sup \Eg(;(&t) — Eg(Y4)l-
lg(x)—g(¥)I<|x—y]
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(ii) The Kolmogorov distance between the laws of )N(at and Y;: :

di(Xet, Vi) i= suﬂg IP(Xe: < x) = P(Y: < x)|.
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There are three distances commonly used in the literature.
(i) The Wasserstein distance between the laws of X ; and Y4 :

dW()N(s,h Ye) = sup \Eg()?&t) — Eg(Y)]
lg(x)—g(¥)I<|x—y]

(ii) The Kolmogorov distance between the laws of )N(at and Y;: :

di(Xet, Vi) i= suﬂg IP(Xe: < x) = P(Y: < x)|.
xe

(iii) The total variation distance between the laws of )N(E,t and Y;:

drv(Xer, Yi) =  sup |P(Xer € A)— P(Y: € A)|
AEB(R)

1 .
= sup |Eg(Xet) — Eg(Ye)l,
2 |lglloo<t

where B(R) is Borel o-algebra on R and ||g|loc = sup |g(x)].
xeR
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1. Introduction

Similar to Theorem 1 in [12], we have

dW()?a,ta Y:) < E|)~<a,t — Y <Ce, 0Kt T,
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1. Introduction

Similar to Theorem 1 in [12], we have
dW()?a,ta Ye) < E|)~<a,t — Y <Ce, 0<t< T,
On the other hand,
di(Xet, Ye) < drv(Xer, Ye).

Thus, we focus on bounding the total variation distance dTV()?E,t, Y:).
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Our main tools are the techniques of Malliavin calculus and the following
general result ( Theorem 3.1 in the recent paper [5].)

Let F; € D?>* be such that |DF1[ 210,71 > 0 a.s. Then, for any random

variable F» € DY? and any measurable function g with
lglloo = sug{lg(X)l < 1, we have
x€e

|Eg(F1) — Eg(F2)]

1

4

T /T 2
<c <E||DF1|L2?O7T]E (/0 /O |D9D,F1|2d0dr> +(E|DF1|L22[O’T])2> I1Fi— Pl

1,2,

()

provided that the expectations exist, where C is an absolute constant.
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2. The main results

Assumption 2.1.

b,o : R? — R are twice differentiable functions with the partial derivatives
bounded by L.

Our Assumption 2.1 is slightly stronger than the conditions required in
[12].
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2. The main results

Theorem 2.1.

Let Assumption 2.1 hold. Consider the stochastic processes (;(s,t)ngth
and (Y:)_r<i<T defined by (3) and (4), respectively. Then, we have

Ct
— —  _Vee(0,1),0<t<T, (6)

drv(Xer, Ye) <
TV( e,t t) Var(Yt)

where C is a positive constant not depending on t and .

We also show that the convergence rate is of optimal order.

Nguyen Thu Hang (HUMG) Total variation distance estimates for stochast 9 /15



The main results
[eleleY Yololelete]

2. The main results

Let Assumption 2.1 hold. We additionally assume that the partial
derivatives of b and o are continuous. Then, for any continuous and
bounded function g, we have

im Eg(X.:) — Eg(Ye) 1l

= <
0 e 2V8,I‘( Yt) 15 [g( Yt)(s (ZtDYl’)] ) 0 <t< T7

(7)

- = = = - - &
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2. The main results

Let Assumption 2.1 hold. We additionally assume that the partial
derivatives of b and o are continuous. Then, for any continuous and
bounded function g, we have

im Eg(X.:) — Eg(Ye) 1l

= <
0 e 2V8,I‘( Yt) 15 [g( Yt)(s (ZtDYl’)] ) 0 <t< T7

(7)

where Z; = 0 for t € [—7,0] and
t t
Zt:/ b{(xﬁxs,T)sts—i—/ bé(XS,XS,T)Zs,Tds
0 0
t
+/ (b:/l/l(X57Xs—7—)Y52+bi/2(Xs,Xs—T)Ys YS—T+b£/1(XS7XS—T)YS Ys—r"'bgz(xs’Xs—T)Yszfq—)dS
0

t
4L 2/ (ai(xs,xs_T)YS d aé(xs,xs_T)Ys_T)st, te[0,T]. (8)
0

- = = = - - &
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3. The main results

In particular, we have

im drv(Xe,e, Yt) < 1

E|E [0(Z:DY?)|Y; t<T.
e—0 € — 2Var(Y:) [E[6(2:DYy)|Ye] [, 0<t < (9)
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Thank you for your listening!
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